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D . Abstract 

We review recent progress in the construction of black holes in three dimensional 
higher spin gravity theories. Starting from spin-3 gravity and working our way toward the 
theory of an infinite tower of higher spins coupled to matter, we show how to harness higher 
spin gauge invariance to consistently generalize familiar notions of black holes. We review 
the construction of black holes with conserved higher spin charges and the computation of 
their partition functions to leading asymptotic order. In view of the AdS/CFT correspon- 
dence as applied to certain vector-like conformal field theories with extended conformal 
symmetry, we successfully compare to CFT calculations in a generalized Cardy regime. A 
brief recollection of pertinent aspects of ordinary gravity is also given. 
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1. Introduction 

Black holes play a central role in both classical and quantum gravitational physics. 
In classical general relativity black holes constitute an important class of exact solutions 
of Einstein's equations, where questions such as the causal structure of spacetime and the 
nature of singularities can be addressed. There is overwhelming evidence that black holes 
exist as astrophysical objects in binary systems and at the center of galaxies. 

The discovery of Hawking [Q that black holes radiate as black bodies leads to the black 
hole information paradox, whereby in the process of black hole formation and evaporation 
pure states seem to evolve into mixed states and hence information (and consequently 
unitary time evolution in quantum mechanics) is not preserved. Any theory of quantum 
gravity has to resolve this clash between classical gravity and quantum mechanics. String 
theory has made important steps in this direction. First, string theory provides a micro- 
scopic accounting of the Bekenstein-Hawking entropy of certain near extremal black holes 
found in superstring theories 0. Second, the AdS/CFT correspondence |||],|5| provides a 
conceptual resolution of the information paradox for black holes in asymptotically anti-de 
Sitter spacetimes. As time evolution on the CFT side is unitary, the time evolution on the 
dual bulk gravity side must be unitary too. These arguments give credence to the point of 
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view that the information of an evaporating black hole is somehow encoded in the outgoing 
Hawking radiation. 

The entropy counting in string theory generically involves a continuation from weak 
to strong coupling and works most reliably for black holes in theories which enjoy non- 
renormalization due to a large amount of supersymmetry. One needs to go beyond su- 
persymmetric examples in order to obtain a microscopic counting of the entropy for 
Schwarzschild black holes. Unfortunately this goal has not yet been achieved. It is therefore 
useful to consider black holes in simplified theories and toy models, where supersymmetry 
and non renormalization theorems are not necessary to perform calculations reliably. 

One such example is three dimensional gravity. The main simplifying feature of this 
theory is that a graviton in three dimensions does not have any propagating degrees of 
freedom. However, in asymptotically AdS space the theory has nontrivial dynamics given 
by the dual two-dimensional CFT which is localized at the boundary of AdS3. A reflec- 
tion of the topological nature of three dimensional gravity is the fact that with a negative 
cosmological constant Einstein gravity can be reformulated as a Chern-Simons gauge the- 
ory with gauge algebra sl(2,R) © sl(2,R) 0,0. The diffeomorphism and local Lorentz 
symmetries of the gravitational theory are reinterpreted as gauge transformations of the 
Chern-Simons theory. In || it was discovered that the generators of the diffeormorphism 
transformations that preserve the asymptotic form of the AdS metric form the Virasoro 
algebra, to be viewed as the algebra of conformal symmetries in the dual CFT. In the 
Chern-Simons formulation of the theory the Virasoro generators manifest themselves in 
terms of Hamiltonian reduction of the gauge connection. 

In three dimensional gravity with a negative cosmological constant BTZ black hole 
solutions |||10] can be constructed as orbifolds of the AdS3 vacuum. These black hole 
solutions are simpler than their higher dimensional cousins as they are locally still given 
by the AdS3 vacuum. The BTZ black hole nevertheless has a horizon, finite entropy and 
nonzero Hawking temperature. In the limit of high temperature the entropy of the black 
hole is related to the central charge of the CFT via the Cardy formula. The simplicity of 
the BTZ black hole allows one to address difficult conceptual questions related to black 
holes. Two examples are the nature of entanglement of degrees of freedom inside and 
outside the horizon [|IT| and whether it is possible to access the region behind the black 
hole horizon by correlation functions of operators localized on the boundary |H|,13 . 



In the AdS / CFT correspondence bulk calculations can be most easily performed in the 
weak coupling, small curvature regime where semi- classical gravity methods are sufficient. 
However, in this limit we lose several characteristic features of string theory such as the 
non-locality due to the finite extent of strings, the infinite tower of fields of ever increasing 
spin and the generalization of diffeomorphism invariance of gravity to a very large gauge 
symmetry which is manifest in string field theory. 

An interesting theory has been developed over the last 20 years by Vasiliev and col- 
laborators which is in some sense located "in-between" Einstein gravity and full fledged 
string theory. It is an extension of ordinary gravity with a negative cosmological constant 
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coupled to an infinite tower of massless fields of higher spin in three or more dimensions. 
The classical equations of motion are explicitly known, and are nonlocal as well as highly 
nonlinear. Note however that at present no action is known which reproduces the equa- 
tions of motion. The no-go theorems in flat space are evaded due to the absence of an 
S- matrix in AdS space; see, e.g., [14| for a modern discussion. The higher spin theory has a 
large higher spin gauge symmetry which generalizes the spin 2 gauge symmetry of ordinary 
gravity. A partial list of the original papers is |l^Jl^ , |T7| , p!8| , |T9| , see also the reviews |2C],^I| , 
which contain more comprehensive lists of references. There exists some speculation that 
the higher spin theories might be related to a tensionless limit of (topological) string theory 
||22j| . These questions as well as the question of whether classical Vasiliev theory theory 
can be gauge fixed and quantized while preserving the higher spin symmetries remain open 
at present. 

There has been a renewed interest in Vasiliev theory due to the duality conjecture 
that relates the large N limit of vector models in three dimensions to higher spin grav- 
ity theories in AdS.4. The most developed form of this conjecture is due to Klebanov 
and Polyakov [23|, stating that Vasiliev theory in AdS4 is dual to the large N limit of 



the three dimensional O(N) vector model. The massless higher spin fields in the bulk 
holographically realize the infinite set of higher spin conserved currents in the (free) UV 
boundary theory. An impressive amount of evidence for the duality has been obtained 
in recent years [ pl| , p5| , |2^ , p7| , |28| , [29| , |30| , including the calculation of three point functions in 
the bulk |3~Tl , j32"| , |33l1 . A proof of the duality relation has recently been obtained with some 
assumptions which are very reasonable from the point of view of AdS/CFT p4],|35 



Other 

examples of dualities between higher spin theories in AdS^ and vector like theories in three 
dimensions were presented in [j36| , |3T| , |38|1 . 

In the present review we will focus on black holes in higher spin gravity in three 
dimensions. A significant simplification over higher spin theories in four or more dimensions 
is the fact that the theory can be implemented as a Chern-Simons gauge theory p^ , |4Ti| , f4T"f . 
In its simplest realization the sl{2,R) © sl{2,R) Chern Simons gauge group is replaced 
by sl(N,R) © sl(N,R). Ordinary gravity is contained as a subsector of the theory and 
realized by the principal embedding of sl(2,R) inside sl(N,R). The theory describes 
massless interacting fields of spin s = 2, 3, • ■ • , N. The simplest case N = 3 describes 
ordinary gravity coupled to a massless spin three field [41 , 42] and exemplifies a general 
feature of the higher spin gravity theories: the gauge transformations include coordinate 
transformations as well as well as spin 3 gauge transformations under which the metric 
g^ v transforms in a nontrivial way. Consequently, diffeomorphism invariant quantities such 
as the Ricci scalar are not gauge invariant under the higher spin gauge transformations. 
Similarly, global aspects of the spacetime such as its causal structure and the existence of 
a horizon are also not gauge invariant in higher spin gravity. 

The three dimensional Vasiliev theory is a one parameter family of theories based 
on an infinite-dimensional gauge algebra hs[A] [ji3| . For these theories it is possible to 
consistently couple propagating matter fields to the infinite set of higher spin fields. Note 
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that there appears to be little understanding of how to consistently couple matter to higher 
spin theories for finite dimensional gauge algebras such as sl(N, R). 

The asymptotic symmetries of the higher spin gravity can most easily be obtained by 
Hamiltonian reduction [ |4L 451, ^6[^T|,|4*7|, [48] . This construction generalizes the realization of 



the Virasoro algebra for the si (2, R) case of pure gravity. Instead of the Virasoro algebra 
one obtains Wn algebras as the asymptotic symmetry of the dual CFTs. Note that just 
like pure gravity the higher spin gravity theories based on sl(N,R) have no propagating 
bulk degrees of freedom. Similarly for the hs[A] theory, the asymptotic symmetry is a 
particular VF-algebra known as [A] . 

A concrete connection between bulk and boundary is given by a conjectured AdS/CFT 

This conjecture relates the three dimen- 



duality due to Gaberdiel and Gopakumar [f49|,|5( 
sional Vasiliev theory to a large iV limit of Wn minimal models. The Wn minimal model 
CFT has a representation in terms of a coset theory and the 't Hooft like limit is defined 
as follows: 



su(N) k © su(iV)] 



su(N) 



k,N ->• oo, A 



N 



k+l 



k + N 



fixed 



where the 't Hooft coupling A is identified with the deformation parameter of the higher 
spin algebra hs[A]. The central charge of the CFT is given in the large N limit by 



c ~ N(l - A 5 



(1.2) 



The fact that the central charge grows like N instead of N 2 makes this duality anal- 
ogous to the Klebanov-Polyakov dual of vector models in AdS4. A very appealing feature 
of this example of a AdS / CFT duality is that the coset dual CFT is very well under con- 
trol. In addition both the bulk and boundary have a huge symmetry group which strongly 
constrains the dynamics. 

A considerable amount of evidence for this conjecture has been obtained recently. 
For example the symmetries and the spectrum of the bulk and boundary CFT have been 
matched in [)5l,|5"0,i8|. The calculation of the 1-loop contribution to the bulk partition 



function utilizing heat-kernel methods [52||)3| agrees with the large N limit of the CFT 
partition function of the coset theories (|1.1|) . In |5^j5^ , |56|j57[l certain classes of correlation 
functions were calculated both in the bulk and boundary theory and were found to match. 
Some open questions remain, such as the exact structure of the symmetry algebra of the 
hs[A] theory at the quantum level, i.e. for finite central charge as well as the identifica- 
tion of certain light states which are present in the CFT with bulk configurations. For 
recent progress towards resolving these questions, and a slight modification of the original 
conjecture of see fl50|J58|| . 

In |5^,[)0] the Gaberdiel- Gopakumar conjecture has been generalized to other coset 
CFTs such as so(2N)k © so(2N)i/so(2n)k+i coset, which is conjectured to be dual to 
a Vasiliev theory with massless fields with even spin only. Furthermore versions of the 
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conjecture which relate superconformal cosets and supersymmetric higher spin theories 
were put forward in gl],|2|j6|,||,|5|,|6|,|3,|6|] . 

Black holes are important laboratories to explore both perturbative and non pertur- 
bative aspects of this duality further. An immediate conceptual challenge arises due to the 
existence of the higher spin gauge symmetries. In ordinary gravity the global causal struc- 
ture of a spacetime, in particular the existence of a black hole horizon and singularities are 
diffeomorphism invariant properties of the spacetime. In higher spin gravity however these 
properties are not invariant under higher spin gauge transformations and consequently it 
is not at all obvious how we define a black hole in higher spin gravity. 

Since it is possible to canonically embed sl(2,R) as a sub algebra into both sl(N, R) 
and hs[A], a solution of ordinary gravity can always be embedded into a solution of higher 
spin gravity. Consequently, the BTZ black hole solution of ordinary three dimensional 
gravity is always a solution of higher spin gravity. However the presence of higher spin 
fields raises the question of how to generalize the BTZ black hole to a black hole which 
carries conserved higher spin charges. 

We would like to find a gauge invariant characterization of what constitutes a black 
hole in the higher spin gravity. In [^9| a criterion for what constitutes a black hole was pre- 
sented, which states that the holonomies of the gauge connections around the contractible 
Euclidean time cycle have to be identical to the holonomies of the gauge connection of 
the embedded BTZ black hole. This condition leads to sensible black hole thermodynam- 
ics, i.e. the black hole has a free energy which satisfies integrability conditions that are 
equivalent to the first law of thermodynamics. In |7(],[Fl[ it was shown that if the holon- 



omy conditions are satisfied, there exists a higher spin gauge transformation which makes 
the solution manifestly a black hole, i.e. there is a horizon and the higher spin fields are 
smooth on the horizon. On the dual CFT side the solution describes the the finite temper- 
ature partition function with a nonzero chemical potential for the higher spin W charge. 
Consequently, the holographic calculation of the partition functions produces nontrivial 
predictions on the CFT side |]T^,^3|, which can be checked by direct CFT calculations J71 | 
when a CFT with the right symmetries and large central charge is available. 

The structure of this review is as follows. In section 2 we give a brief review of ordinary 
three dimensional gravity, its Chern-Simons formulation, the BTZ black hole solution and 
the AdSa/CFT2 correspondence. While this material is well known, it makes the review self 
contained and emphasizes similarities in the construction of the Chern-Simons formulation 
of ordinary gravity and higher spin gravity as well as the construction of BTZ black hole 
and the higher spin black holes. In section 3 we describe the construction of black holes 
carrying higher spin charge in sl(N, R) © sl(N, R) higher spin gravity. The simplest case 
iV = 3 is discussed in detail. In section 4 the construction of black holes is generalized to 
the hs[A]© hs[A] higher spin gravity. An important check of the proposal is performed by 
comparing the asymptotic form of the gravity partition function with CFT. In section 5 
we conclude with a list of open problems and directions for future research. 
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2. Black holes in three dimensional gravity 

Three dimensional gravity has no propagating degrees of freedom; the Einstein equa- 
tions fix the metric to be locally flat in the absence of a cosmological constant, or locally 
(A)dS in the presence of a (negative) positive cosmological constant. Nevertheless, the 
theory is far from trivial. In particular, the case with negative cosmological constant ad- 
mits black holes and figures importantly in the AdS / CFT correspondence. In this section 
we review the main aspects of this story, and set the stage for the generalization to the 
higher spin theory. We begin by working in the metric formulation, and then show how 
to recover the same results in the Chern-Simons formulation. Some relevant pedagogical 
references include |7^,^6|,^1| . 



2.1. Action, boundary conditions, and Virasoro symmetry 

The action for pure gravity with negative cosmological constant is 



i r j3 2 



|6 _ 6 , j d 6 x^{R + hndy ■ (2.1) 

We work in Euclidean signature. The boundary terms contained in ibndy are needed to 
ensure a proper variational principle, and will be displayed below. 

One solution of the equations of motion is AdS3 in global coordinates, 

ds 2 = (1 + r 2 /£ 2 )dt 2 + - dT \ l0 _ + r 2 # 2 . (2.2) 

1 + r A ji A 

As noted above, this is in fact the general solution of the field equations up to coordinate 
transformations and global identifications. The physical content of the theory, at least 
at the classical level, thus corresponds to understanding the effect of these coordinate 
transformations and global identifications. 

To define the theory we need to impose boundary conditions at infinity. These take the 
form of falloff conditions on the metric components. We'd like to allow for the most general 
falloff conditions compatible with a well-defined variational principle. It is convenient to 
write the line element in the form 

ds 2 = dp 2 + gij(x k , p)dx i dx j , i, j = 1, 2 . (2.3) 



We then demand that gij takes the Fefferman-Graham [|77j form as p — > oo 



g l3 {x\ p)dx i dx^ = e 2 ^gV) + <4 2 V) + • • • • (2-4) 

This defines as the conformal boundary metric; in the AdS/CFT correspondence the 
CFT lives on a space with this metric. By allowing for a general we arrive at the 



notion of an asymptotically, locally, AdS3 spacetime. See, e.g., for more details. 
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Our variational principle is defined by the demand that the action be stationary under 
variation that respects the Einstein equations and the falloff conditions ( |2.4j) , with gj-j 

.. With g^j allowed to vary, we will have the on-shell variation 



51 =i jd 2 x^/gW)T^8gP , (2.5) 



which defines the boundary stress tensor T lJ [79]. These requirements fix the boundary 
terms in the action to be 

^bndy = ^7 J d 2 Xy/g (TrK - j J + anomaly term , (2.6) 

where K^j = ^d v gij is the extrinsic curvature. The anomaly term is needed to cancel a 
logarithmic divergence, but it will not be needed here. The integral in (|2.6|) is performed 
at a fixed 77, whose value is taken to infinity at the end of the computation, with a finite 
result. The boundary stress tensor works out to be 

where the trace is defined by raising an index with g( M . 

We now consider the case that the conformal boundary is a cylinder, as in ( |2.2|) . We 
work in complex coordinates, w = <fi + it/ 1, so that g^L = = and g^^L = 1/2. The 
asymptotic symmetry group is obtained by considering coordinate transformations that 
preserve the form of g^ . This is the case for the following infinitesimal transformations 

w + e(w) - —e~ 2p/e d^e(w) 

w^w + e(w) - ^e- 2 Pl l d 2 w e{w) (2-8) 

£4 



If 

p -> P ~ r (d w e(w) + ^(w] 



where e(w) and e(w) are arbitrary functions. These coordinate transformations leave g^ 

(2) 

fixed but act nontrivially on g\- , and so transform the stress tensor as 

T ww -> T ww + 2d w e(w)T ww + e(w)d w T ww - ——dle(w) (2.9) 

Z47T 

with 

e =i- < 2 - 10 > 

The analogous result holds for T^w. This is the transformation law for a stress tensor in 
a two-dimensional conformal field theory, with c being the central charge. 
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By following the rules of the AdS/CFT correspondence we can compute boundary 
correlation functions of the stress tensor. Following precisely the same logic as in CFT 
(e.g., see [pQ[ ), the conformal symmetry implied by ( |2.9|) leads to OPE relationsi 

T ww (w)T ww (0) ~ + -^T ww (0) + -—d w T ww (0) . (2.11) 

Alternatively, if we define the mode generators L n via 

L n = jdw e~ inw T ww (2.12) 

then the generators will obey the Virasoro algebra 

C n 

[L m ,L n \ = (m - n)L m+n + — (m - m)5 m+n . (2.13) 

At the level of classical gravity ( |2.13| ) is a statement about Poisson brackets, while in the 
dual CFT it is an operator statement. The zero mode generators are related to mass and 
angular momentum as 

M£-J - M£ + J 
Lo = , L = — ^— . (2.14) 

2.2. The BTZ black hole $ 

The metric of the rotating Euclidean BTZ black is 



= % "* 2 + (r ,_ r t^_ rl f + r" + i^-fdtr • (2.15) 



To obtain a real Euclidean signature metric, r_ is taken to be purely imaginary. The 
global identifications that lead from pure AdS3 to BTZ may be found in . In Lorentzian 
signature, the BTZ solution is a black hole with inner/outer horizons at r = r±. Besides 
the 27r periodicity of the angular coordinate <fi, smoothness of the Euclidean signature 
metric at r = r + requires that we impose the further identification 

it 

w = w + 2ivt, t= , (2.16) 

r_|_ + r_ 

where w is defined as before, w = + it/ 1. With these identifications, the conformal 
boundary of the BTZ black hole is seen to be a torus of modular parameter r. 
The BTZ solution can be written in the Fefferman- Graham form ( |2.4j) as 



ds 2 = dp 2 + MGl[cdw 2 + Cdw 2 ^j + (l 2 e 2p/l + (8nG) 2 CCe- 2p/i y w dw . (2.17) 



2 Compared to typical CFT conventions, the stress tensor denned from gravity as here contains 
an extra factor of 2ir; in section 3 we switch to CFT conventions, see e.g. equation (3.8). 
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The constants C and C are rescaled versions of the Virasoro zero modes, 

C=^L , C=^-L , (2.18) 
which are in turn related to r± as 

L ° = 16G£ ' Lo = 16G£ ■ (2 ' 19) 



Other useful relations are 



r=-^J=, r = ^^J=. (2.20) 
2 v/2^ 2 



The area law gives the black hole entropy as 



^ = 4^ =2 V^° +27r v^°' (2 - 2i) 



which exhibits the famous fact that the entropy is given by Cardy's formula [^T 



It is illuminating to obtain the entropy from the Euclidean action, which is related to 
the thermodynamic quantities as 

-I = S + 2nirL - 2niTL , (2.22) 

Computing the Euclidean action directly for the BTZ black hole will recover (|2.21|) . We 
can instead use modular invariance to simplify the computation. In three dimensional 
gravity, modular transformations are coordinate transformations that act on the boundary 
so as to change the modular parameter as 

, ar + b , 

t^t' = , ad-bc = l . (2.23) 

ct + a 

In fact, we can find a coordinate transformation such that the BTZ metric goes over into 
the pure AdS3 metric (|2.2| ) with modular parameter r' = — 1/t ||82" |. The Euclidean action 
of this solution is easily worked out as 

/= !ZV_^) = -— (---) ■ (2.24) 
12 v ' 12 \r T J y ' 

Since the Euclidean action is invariant under coordinate transformations, this is therefore 
the action for the BTZ black hole. Writing the result in the form (|2.22|) yields the entropy 
formula ( p^Tp . 

A major virtue of the modular transformation approach is that it can be applied to 
cases where the area law is no longer valid, such as when higher derivative terms are present 
in the action. All such corrections can be absorbed into the central charge c, and taking 



this into account Cardy's formula continues to be valid 33 
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2.3. Charged BTZ black holes 

Our main focus in this review is the construction and study of black holes endowed 
with higher spin charge. A simpler version of this problem, free from the complications 
of higher spin gravity, involves black holes carrying a spin-1 charge. These have a rather 
simple description when we add to our theory a pure Chern-Simons U(l) gauge field. 

To our previous action we now add 

Ics = ^~ I ' AdA-^r- [ (PxJgA'Ai , (2.25) 



8n J lQn 

where A is a 1-form. The second term is a boundary term (the metric that appears in 
this term is that induced on the boundary), introduced for the same reasons as in the 
pure gravity case p4 |. We impose boundary conditions such that in Fefferman- Graham 



coordinates A p vanishes and 



A+fax 3 ) = A\ \xi) + ... , p^oo. (2.26) 



See [p5[ for a discussion of more general boundary conditions, including the case where a 



Maxwell term is present. The on-shell variation of the action then takes the form 

SIcs = ^J d 2 wV^J w 8A^> (2.27) 
where the boundary current is 

J W = \^=^A^. (2.28) 

plays the role of a source conjugate to the current J w . In particular, to incorporate 
Ajp on the CFT side of the AdS/CFT correspondence we add to the CFT action the term 

1 1 72„„ T W A (0) 



/cft /cft + ^ J d 2 wJ w A^> . (2.29) 

Note that in the absence of a source the current is holomorphic, c\^J w = ^d^A^ = 0, 
where in the last step we used the Chern-Simons equations of motion, namely that the 
field strength vanishes. An anti-holomorphic current is obtained by starting with fl2.25|) , 
but flipping the sign of the first term. The modes of the current, defined as, 

Jn = f^l e ~ lnWJ ™ ( 2 - 3 °) 



furnish a (7(1) Kac- Moody algebra [5| . 
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Since the field strength vanishes by the Chern-Simons equations of motion, the gauge 
field is locally pure gauge. However, in the presence of a black hole the gauge field can have 
a nontrivial holonomy around the horizon, and this translates into an electric charge carried 
by the black hole. The BTZ boundary torus has two non-contractible cycles, defined by 
the two identifications w = w + 2-k and w = w + 2-kt. The former is noncontractible 
when extended into the bulk (it goes around the horizon), while the latter is contractible. 
A smooth gauge field must have trivial holonomy around the contractible cycle, which 
imposes the condition tA w + tA^ = 0. Subject to this constraint, we can choose an 
arbitrary flat connection, and then the black hole charge is given by Jo- 

The black hole entropy is still given by the usual area law, and the BTZ metric is 
clearly unaffected by the addition of a flat U(l) connection. However, the boundary term 
appearing in (|2.25| ) depends on the metric, and this induces a shift in the stress tensor. So 
the formula for the entropy is modified when expressed in terms of the Virasoro and U(l) 
charges, and is given by |84 



S = 27r^(Lo-ij 2 ) + 27r^Lo , (2.31) 
where we include just a holomorphic current. 

2.4- Chern-Simons formulation of three dimensional AdS gravity 

An alternative formulation of three dimensional gravity is as a Chern-Simons theory 
(7||§. We now review this story and show how to recover the results found in the metric 
formulation. 

We consider the action 

S = Scs[A]-S C s[A] (2.32) 

where 

S C s[A] = j^J Tr (aa&A+ ^A A AaA^J . (2.33) 

The 1-forms A and A take values in the Lie algebra of SL{2, R). The Chern-Simons level 
k will eventually be related to ratio of the AdS3 radius I and the Newton constant G as 

k= lQ- < 2 ' 34 » 

For convenience, we henceforth set I = 1. 

The Chern-Simons equations of motion correspond to vanishing field strengths, 

F = dA + AAA = , F = dA + AAA = 0. (2.35) 

To relate these to the Einstein equations we introduce a vielbein e and spin connection to 

as 

A = u + e , A = u-e . (2.36) 
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The flatness conditions ( |2.35|) then become Einstein's equations in first order form. The 
metric is obtained from the vielbein in the usual fashion 



= 2Tr(e^) . (2.37) 

To define asymptotically AdS boundary conditions it is convenient to choose an ex- 
plicit basis for the s/(2, R) generators. We take 

Ll = (-°i o) ' L - 1= (o o) ' Lo = ( 1 o 2 -1/2) (2 ' 38) 

which obey 

[L h L j ] = (i-j)L i+j . (2.39) 
The BTZ metric ( |2.17| ) is reproduced starting from 



A = (e p Li - '^e- p L_ 1 )dz + L dp 
A = (e p L_! - C ^—e- p L x )dz - L dp 



(2.40) 



where we're now using z = <fi + it rather than w as our complex coordinate. Noting that 
the dependence on the BTZ charges (£, C) arises purely through subleading terms at large 
p, we define an asymptotically AdS3 connection to be one which differs from ( |2.40| ) by 
terms that go to zero for large p. 



Upon using the freedom to make gauge transformations (see [JT] for a proof), asymp- 
totically AdS3 connections can be taken to have the form 

A = b- 1 a(z)b + b- 1 db , A = ba(z)b- 1 + bdb~ x (2.41) 

with 

b = e pLo , (2.42) 

and 



a(z) = (^Li — —C{z)L-i S jdz 



k 

a(z) = (j^-i — —C{z)Li^dz 



(2.43) 



The coefficient functions (C(z),C{z)) are nothing but the components of the boundary 
stress tensor, 

T zz = £ , T- Z = C. (2.44) 

This can be established in a variety of ways. One approach is to work out the metric corre- 
sponding to ( 2.43j) and then read off the stress tensor components from (|2.7| ). Alternatively, 
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we can study the asymptotic symmetries directly in the Chern-Simons formulation, and use 
this to identify (£(z), £(z)) as the currents associated with conformal symmetries f4l]JB9| . 



Focussing on the unbarred connection, infinitesimal gauge transformations act as 

5 A = dA + [A, A] . (2.45) 
To preserve the structure in ( |2.41|) we take 

A = b~ 1 X(z)b . (2.46) 
Further, the form of a(z) is ( |2.43|) is preserved by taking 



which acts as 



X(z) = e{z)L x - d z e(z)L + [ \d 2 z e(z) - ^£e(z) ) L_ x , (2.47) 



k 

5£ = e(z)d z £ + 2d z e(z)£ - —d 3 z e(z) . (2.48) 

47T 



Comparing with ( |2.9| ) shows that £ is indeed transforming as a stress tensor under the 
asymptotic symmetries. 

Now let us return to the BTZ solution as expressed by the connections ( |2.40| ). In the 
Chern-Simons formulation the metric is a derived concept, and the physical content of a 
solution is far from obvious just by inspecting the connection. For instance, the Euclidean 
BTZ spacetime ( |2.17| ) smoothly caps off at the horizon, e 2p+ = ^ V ££, whereas from the 
Chern-Simons perspective there is no obvious reason we should restrict the range of p. 

In the metric formulation the relation between the charges (£, £) and the modular 
parameter r is fixed by demanding the absence of a conical singularity at the horizon. We 
need a corresponding condition expressed in Chern-Simons language; i.e. in terms of the 
connection and not the metric. The idea is to focus on the holonomy of the connection 
around the Euclidean time circle. This holonomy should be trivial if we want to say that 
this circle smoothly closes off at the horizon. The holonomy of A is, up to conjugation by 

H = e 27TTa * . (2.49) 



2%Ta z has eigenvalues ± J 87r fc 3£ r. If we use the relations (|2.20|) we find that the eigenvalues 
are ±z7r, so that, H = diag(— 1, —1). Since this H is in the center of SL(2, R), it indeed 
represents a trivial holonomy. 

2. 5. Black hole entropy in the Chern-Simons formulation 

Next we turn to computing the black hole entropy. As reviewed in the next section, 
with suitable attention paid to boundary terms, it is possible to compute the black hole 
free energy via the Euclidean Chern-Simons action ||7^| , but a more direct approach is to 
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use the first law of thermodynamics, which is how we proceed here. We can define the 
black hole partition function as 



Z(t,t) = Tr 



4n irC—'iiT it C 



(2.50) 



where the operator expression written in the first line is essentially a mnemonic for present 
purposes, but can be thought of as the fundamental definition of the partition function 
in some putative microscopic theory, while the second line represents the saddle point 
approximation, which is what we use here. Factors of 2tc arise from the rescaling in ( |2.18| ) 
as well as from the 2-kt identification. 

From the definition of Z it follows that 



£ 



dlnZ 



4n 2 dr 



£ 



dlnZ 



2 Ppf 



and 



4tt 2 dr 



S = In Z - 4n 2 ir£ + 4it 2 ifC . 



(2.51) 



(2.52) 



Since expressions for (£, £) in terms of (r, r) have already been fixed by the holonomy 
condition, namely as ( |2.20| ), we can integrate (|2.51|) to find lnZ, and then use ( |2.52|) to 
compute S. Doing so, we of course reproduce the previous result ( |2.21|) . 

We now consider a more general case in which additional charges are present. Consider 
a charge Q with corresponding conjugate potential a. In such a case we can define the 
partition function 



Z(t, a) 



Tr 



3 47r 2 i(r£+aQ) 



D S+4ir 2 i{TC+aQ) 



(2.53) 



where we suppress the dependence on r for clarity. Now, suppose we are given a black 
hole solution and we wish to determine Z, and hence <§. As in the case above, a first step 
is to determine expressions for £ and Q in terms of r and a. These relations will be fixed 
by demanding appropriate smoothness conditions at the horizon. There is an important 
consistency condition that any such smoothness condition must respect if an underlying 
partition function is to exist. Namely, since 



£ 



dlnZ 



4tt 2 dr 



Q 



dlnZ 



4n 2 da 



(2.54) 



(2.55) 



the existence of Z implies 

d£_dQ 
da dr 

Conversely, given expressions £(r, a) and Q(r, a), in order for Z to exist the integrability 
condition ( |2.55| ) must be obeyed. In the case of higher spin black holes there are some 
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subtleties in denning what precisely is meant by a solution being smooth; for black holes 
an important check on any proposal is that it leads to a charge assignments compatible 
with the integrability condition. 

We will determine the thermodynamic properties of higher spin black holes using the 



approach just outlined. The alternative approach |73| (see also [^6|) based on evaluating 
the Euclidean Chern- Simons action with appropriate boundary terms leads to the same 
final result. 



3. Black holes in sl(N,R) ®sl(N,R) higher spin gravity 



In the last section we reviewed that Einstein gravity with a negative cosmological con- 
stant can be reformulated as a sl(2, R)S)sl(2, R) Chern-Simons theory. In a series of recent 
papers generalizations to Einstein gravity with a negative cosmological constant coupled to 
higher spin fields were discussed. While there is no straightforward generalization within 
the metric formulation we can easily generalize the Chern-Simons formulation. In partic- 
ular in |H^,^D| it was shown that a sl(N,R) © sl(N, R) Chern-Simons theory corresponds 
to Einstein gravity coupled to N — 2 symmetric tensor fields of spin s = 3, 4, . . . , N. For 
simplicity, we restrict ourselves to N = 3 corresponding to Einstein gravity with a spin-3 
field and study this theory in more detail. In particular, we construct black hole solutions 
with spin-3 charge. 



3.1. Review of sl(3, R) © si (3, R) higher spin gravity and W3 symmetry 



In this section we first review the formulation of three dimensional higher spin gravity 
in terms of sl(3,R) © sl(3,R) Chern-Simons theory. As in the case of Einstein gravity 
with a negative cosmological constant we use the action S = Scs[A] — Scs[A] where the 
Chern-Simons action is given by equation fl2.33|) . The 1-forms A and A take values in the 
Lie algebra s/(3, R) and satisfy the flatness conditions 



F = dA + AAA = , F = dA + AAA = 0. (3.1) 
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Whenever necessary, we use the following basis of sl(3,R) generators!! 



Li 












1 











1 






1 







































2 











1 
-1 









Wn 



? I 




-2 
1 



(3.2) 
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\o 





I) 




\o 





0/ 



which satisfy the following commutation relations 

[Li.Lj] = (i-j)L i+j , 
[L^ W m ] = (2i - m)W i+m , (3_ 3 ) 

[W m , W n ] =-~(m- n)(2m 2 + 2n 2 - mn - 8)L m+n . 

Note that the generators Li generate a sl(2,R) subalgebra of sl(3,R). Under this sl(2, R) 
the generators W m form a spin two multiplet. This is called the principal embedding of 
si (2, R) into sl(3, R) which we use in this section. Note that this is not the only possible 
inequivalent embedding of sl(2, R) into sl(3,R): instead of (Li, Lq, L_i) we can consider 
the sl(2,R) subalgebra generated by (W / 2 /4,L /2, -W_ 2 /4). 

Instead of using A and A we can also determine the vielbein e and the spin connection 
u according to equation ( |2.36|) . Expanding e and wina basis of 1-forms dx^, the spacetime 



metric g^ v and spin-3 field </? M ^ 7 are identified as@ 



9p V = 2 Tr ( e M e ^) > V^i = 37 Tr ( e (M e ^ e 7)) ( 3 - 4 ) 



where is totally symmetric as indicated. Restricting to the sl(2, R) subalgebra gener- 
ated by Li, the flatness conditions (|3.2|) can be seen to be equivalent to Einstein's equations 



3 Compared to ref [41], we set a = — 1. 

Note that we used a different convention for Li in this section. In particular the normalization 
of Lo is different since in this section Tr(LoLo) = 2 while in section 2 we used sl(2, R) generators 
with Tr(LoLo) = 1/2. Therefore the normalization of is different from the one used in equation 
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for the metric with a torsion free spin-connection [51]. More generally, we find equa- 
tions describing a consistent coupling of the metric to the spin-3 field. 

Acting on the metric and spin-3 field, the sl(3,R) © sl(3,R) gauge symmetries of 
the Chern-Simons theory turn into diffeomorphisms along with spin-3 gauge transforma- 
tions (the Chern-Simons gauge transformation also include frame rotations, which leave 
the metric and spin-3 field invariant). Under diffeomorphisms, the metric and spin-3 field 
transform according to the usual tensor transformation rules. The spin-3 gauge trans- 
formations are less familiar, as they in general act nontrivially on both the metric and 
spin-3 field. It is worth noting, though, that if we ignore the spin-3 gauge invariance, 
then we can view the theory as a particular diffeomorphism invariant theory of a metric 
and a rank-3 symmetric tensor field. In [g7| an action for a metric-like formulation of 



the si (3, R) © s/(3, R) Chern-Simons theory was formulated which is valid up to quadratic 
order in the spin-3 field. 

Let us consider the following connection: 



A(z) = (e'Li - -^e^£(z)L_i - ^- e - 2p W(z)W- 2 )dz + L dp 

(3.5) 

A(z) = (e p L_! - -^e- p C{z)L x - ^e- 2p W(z)W<^dz - L dp . 



Setting W(z) = and W(z) = we recover the connection (|2.40 ). Moreover, since 
Ay = 0, A p = L and 

A - A A dS ~ Oil) as p^oo (3.6) 



with analogous conditions for A, the connection (|3.5|) is asymptotically AdS [41 



As explained in section 2 it is convenient to use a gauge transformation of the form 
( ^41|) and ( ET42]) to obtain 



a(z) = (l, - -^C{z)L_ t - ^-W{z)W. 2 )dz 

2k ) (3.7) 

a(z) = (L_x - - ^W(z)W 2 )dz . 



The coefficients C(z) and C{z) are the components of the energy momentum tensor as 
identified in equation ( |2.44| ). The new coefficient functions W and W correspond to the 
spin-3 currents as we will see now by analyzing the asymptotic symmetry algebra. 

Given the connection ( |3.5|) , the asymptotic symmetry algebra is obtained by finding 
the most general gauge transformation (|2.44| ) preserving the asymptotic conditions ( |3.5| ). 



The functions appearing in the connection (|3.5|) , £,£, W and W, transform under these 
gauge transformations. Expanding in modes, one thereby arrives at two copies of the 
classical Ws algebra j88|. 



Alternatively (see section 4 of |6^] for details), one can translate these variations into 
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an operator product expansion for the symmetry currents,! 



3t 9 1 
T(z)T(0) ~ + ^T(O) + -&T(0) 



z 4 z 2 : 



T(z)W(0) ~ + -9W{0) 



z 2 : 



^k 1^1 p; i 3 1 11 

W(*)W(0) ~ -21 -g - ~T(0) - ^-dT(0) - -^-a 2 T(o) - ^-a 3 T(o) 

8 .-T(0)dT(0)--^\T(0) 2 



3kn 2 z 3kn 2 z 2 

(3.8) 

and the result is the classical version of the W3 algebra. In order to write the W3 algebra 
as in we identify the central charge c as c = 6k and we define the operator V used in 



by V = The TW OPE identifies W as a spin-3 current, i.e., as a dimension 



(3, 0) primary operator. The same analysis for the barred connection gives rise to an 
anti-holomorphic W3 algebra with a dimension (0, 3) current. 

There is another way to show that sl(3,R) © sl(3, R) Chern-Simons theory give rise 
to W3 symmetry algebra. Instead of considering the asymptotic symmetry algebra we 
consider the Ward identities which are the bulk field equations for spin-3 gravity in the 
presence of sources for the spin-3 operators. 

For simplicity let us consider the holomorphic part only corresponding to the connec- 
tion a. We consider a chemical potential \x{z,~z) for the spin-3 operator which is given by 
a term —fi(z,z)W 2 dz in the connection a. We will justify this assignment a posteriori by 
deriving the Ward-Identities. For a consistent ansatz we do not only need a term of the 
form —\1W2d~z in the connection but we have to consider 

a = (Li - ^£L_! - £-WW- 2 )dz 

V k 2k J (39 ) 

— (uW 2 + w\W\ + wqWq + w-xW-x + W-2W-2 + wsL-i^jdz . 

The flatness condition determines u>i as a function of (i, C, W and ^-derivatives thereof. 
Moreover C and W are subject to 



dgC = 3Wd z v + 2d z Wn 

= * aj/x - - 3d 2 z Cd zf i - 5d z C%(j, - ^-Cd 3 zf i + ^ (c^c + C 2 d z 

lZtt 6 o ok V 

(3.10) 

These equations are the Ward identities as we will see. Note that L and W are now 



z dependent which can be traced back to the singular terms in the OPE (|3.8|) . Let us 
understand this in more detail. Therefore we compute 

9z(T(z, z))fj, , dglyVfat))^ (3.11) 



5 Beware the 2tt difference in stress tensor normalization relative to the convenient gravity 
convention, as pointed out in footnote 2. 
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where <.••>„ denote, an insertion of J " W inside the expectation value. Expanding 
powers of and using 



m 



2tt6 {2) (z,z) 



(3.12) 



as well as the OPE's ( |3.8| ) we obtain (|3.10| ) if we identify T = —2ixC This justifies a 
posteriori the AdS/CFT dictionary for introducing the chemical potential. Moreover, we 
have seen that the Ward identities can be derived from the equations of motion of spin-3 
gravity. 

So far we considered only the principal embedding of sl(2,R) into sl(3,R) giving 
rise to W3 as asymptotic symmetry. As already explained there is another inequivalent 
embedding of si (2, R) into si (3, R). This embedding gives rise to another VF-algebra known 
as W^ 2 '', sometimes referred to as the Polyakov-Bershadsky algebra [44,45] . More details 



can be found in section 2.3 of [70| and [p9[ 



3.2. Black holes with higher spin charge 

Let us now consider black holes with higher spin charge within sZ(3, R) © sl(3, R) 
Chern-Simons theory. In [69] the following solution was proposed to represent black holes 
carrying spin-3 charge: 



- pi W 2 —W + , W-2 + — ^L-i )(lT 



4tt£, 
' ~k~ 

- {l -i-t XLi 

4nC 



n 
2k 



k 2 

WW^jdz 



(3.13) 



- jj(W- 2 - — w o + —g2— w * + ~k~ Ll ) dz ■ 



The structure of this solution is easy to understand. Let us focus on the a-connection. As 
in (|3.7|), to add energy and charge density to the W3 vacuum we should add to a z terms 



involving L_i and W-2, as seen in the top line of (|3.13| ). For black holes, which represent 
states of thermodynamic equilibrium, the energy and charge should be accompanied by 
their conjugate thermodynamic potentials, which are temperature and spin-3 chemical 
potential. We incorporate the former via the periodicity of imaginary time, while the 
latter correspond to a 11W2 term in a-. The remaining a-j terms appearing in ( |3.13|) are 
then fixed by the equations of motion. In fact we can rewrite the component of the 
connection (|3.13|) as 



-2/x 



a. 



\^(a 2 z ) 



(3.14) 



In order to solve the flatness condition ( |3.1| ) we have to show [a z , a-] =0 which is indeed 
satisfied by (|3.14|) . The ansatz for the connection given in ( ft.!4| ) can be generalized to 
more complicated cases, including black holes in hs[A] higher spin theories. 
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Let us from now on restrict ourselves to the nonrotating case 



C = £, W = -W, /x = -a», (3.15) 

and study the connection ( |3.13| ) in more detail. If we set (jl = VV = 0, then the connections 
become those corresponding to a BTZ black hole asymptotic to the W3 vacuum. From the 
standpoint of this CFT, the \xW2dz term represents a chemical potential for spin-3 charge, 
and the \VW-2dz term gives the value of the spin-3 charge. This solution is therefore 
interpreted as a generalization of the BTZ black hole to include nonzero spin-3 charge and 
chemical potential. 



The general non-rotating solution, i.e. the connection (|3.13| ) imposing the conditions 
( |3.15| ), can be thought of as depending on four free parameters: three of these are (£, W, fi), 
and the fourth is the inverse temperature j3, corresponding to the periodicity of imaginary 
time, t = t + i/3. However, we expect that there should only be a two-parameter family 
of physically admissible solutions: once one has specified the temperature and chemical 
potential the values of the energy and charge should be determined thermodynamically as 
a function of a and r where r is the modular parameter of the torus given by 

r=g, (3.16) 

and a is the potential related to the chemical potential \x by 

a = ffjL , a = rp, . (3-17) 

Which conditions do the functions C = £(r, a) and W = W(r, a) satisfy? As discussed 
in section 2.4 for the uncharged BTZ solution the relation between the energy and the 
temperature is obtained by demanding the absence of a conical singularity at the horizon 
in Euclidean signature. The analogous procedure in the presence of spin-3 charge is more 
subtle. For the charged spin-3 black hole solution, we would like to impose the following 
three conditions: 

(i) The Euclidean geometry is smooth and the spin-3 field is nonsingular at the horizon. 

(ii) In the limit (jl — > the solution goes smoothly over to the BTZ black hole. In 
particular, we want that W — > 0. 

(in) The charge assignment £ = £(r, a) and W = W(r, a) should arise from an un- 
derlying partition function and therefore, as discussed in section 2.5, the charge assignment 
should obey the integrability condition 

~ -w ■ (3 ' 18) 

Let us first discuss the condition (%). The metric ( |3.4| ) associated with the gauge connection 
( p. 14]) is given by 

ds 2 = dp 2 - J r (p)dt 2 + G(p)d(j) 2 (3.19) 
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with 



Hp) = (2»e 2 » + >e" 2 " - ^pC 2 e~ 2p f + (e? - ^Ce~ p + ^We-f 
k k ' v k k 

2tT 4-7T 9 

Q{p) = ( e P + —Ce- p + -/iWe-f (3.20) 



k k 



The metric reduces to BTZ in the uncharged limit, but the surprise is that for generic 
charge, J-"(p) and G(p) are both positive definite quantities. The horizon occurs where g tt 
vanishes, and since the radial dependence of the metric is simply dp 2 , we need gtt to have 
a double zero at the horizon in order for the Euclidean time circle to smoothly pinch off. 
One solution is given by W = and p = 0, which is the nonrotating BTZ black hole. 
There is a second solution provided 

k + 32p 2 n(pW - C) = (3.21) 

is satisfied. The temperature is then determined by demanding the absence of a conical 
singularity at the horizon, which is located at e p+ = a/ (2tvC — 4npW) / k, 



(3 = 2tt 



-g'A 



(3.22) 



p=p+ 



^/{3k - 327r£/i 2 )(167r£// 2 - k) 



The two equations ( |3.21|) and ( |3.22| ) determine the charge assignments £ = £(r, a) and 



W = W(t, a). However, these charge assignments do not satisfy the conditions (ii) and 
(Hi). Although these charge assignments are the only one for which the geometry of the 
connection (|3.13| ) has a horizon, the charge assignments are not consistent. 

For any other charge assignment, J 7 never vanishes and there is no event horizon since 
this geometry possesses a globally defined timelike Killing vector. At large positive and 
negative p, both J 7 and Q have leading behavior e 4 ' p ', corresponding to an AdS3 metric 
of radius 1/2, and so the metric (|3.2U[) describes a traversible wormhole connecting two 



asymptotic AdS3 geometries. 

One may therefore ask what, if anything, this solution has to do with black holes. 
It is at this point that we should remember that the metric of the spin-3 theory is not 
invariant under higher spin gauge transformations and the connection (|3.13| ) after a suitable 
gauge transformation represents a smooth black hole whose charge assignment satisfies the 
conditions (ii) and (Hi). In order to find this charge assignment, we have to consider the 
holonomy u around the time circle which is given by 



2n(ra z + fa?) . (3.23) 
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In |6!| it was proposed that the eigenvalues of the holonomy u take the fixed values 
(0, 2ni, — 2iti). It is convenient to recast the conditions on its eigenvalues in the form 



Tr(u 2 ) = -8n 2 , Tr(u 6 ) = . (3.24) 

We will see in section 3.3 that the holonomy condition ( |3.24j ) gives rise to a charge 
assignment which satisfies the conditions (ii) and (Hi). Moreover, in section 3.4 we find an 
explicit gauge transformation of the connection ( |3.13j ) such that the geometry associated 
with the gauge transformed connection is indeed a smooth black hole, whose smoothness 
enforces the holonomy condition ( |3.24j ). 

3.3. Holonomy and integrability 

In this section we evaluate the holonomy condition for the connection (|3.13|) and show 
that the consistency condtions (ii) an (Hi) are indeed satisfied. 

The holonomy condition ( |3.24| ) for the connection ( |3.13[ ), become explicitly 

= -20487T V£ 3 + 576tt£; / u£ 2 - 864nkn 2 W£ + 864tt/c / u 3 >V 2 - 27k 2 W 

o k 2 (3.25) 
= 256tt V£ 2 + 24nk£ - 72nkfiW + — =- 

together with the same formulas with unbarred quantities replaced by their barred versions. 
We have replaced \x by a using ( |3.20|) . 

To verify the integrability conditions we proceed as follows. First solve the second 
equation for W and differentiate with respect to r to get an expression for in terms 
of ||^. Next, insert the solution for W into the first equation, and then differentiate with 
respect to a, and solve to get an expression for Similarly, differentiate with respect 
to r to get an expression for Substituting the latter into our previous expression for 
^r, we find that it precisely equals which is the desired integrability condition. 

It will be convenient to define dimensionless versions of the charge and the chemical 
potential by 



Rewriting ( |3.25|) in terms of the quantities (|3.26 ) we obtain 



17287 3 C 2 - (432 7 2 + 27)C - I287 3 + 72 7 = 

/ 16 2 A „ nk (3-27) 

Let us solve ( |3.27|) for the charge ( and the inverse temperature (3. 
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Solution of equations ( |3.25| ) for the charge ( and inverse temperature j3 yields 



1 + 1 67 2 _ (! _ 16 7 2) ^ + 128 7 2 

(3.28) 



1287 J 



irk 



1 + f 7 2 - 12 7 C 

In equation ( |3.28|) we singled out a particular branch of ( to ensure that for 7 — )• also 
C — 7- 0, i.e. that condition (mJ defined in section 3.2 is satisfied. While the uncharged BTZ 
limit corresponds to 7, ( — > the solution ( |3.28| ) limits the values ( and 7 to 

AT /IT 

C < (max = V 27 ' 7 - 7maX = V 16 ' ^' 29 ' ) 

For given £ we thus have a maximal spin-3 charge W given by 

W — = ■ (3-30) 

Note that these maximal values can be seen only by the holonomy conditions ( ^.25| ) and 
not directly from the gauge connection ( |3.13| ) or its resulting geometry. 

3.4- Finding the black hole gauge 

In this section we want to find a suitable gauge transformation to turn the connection 
( p,13|) into a smooth black hole. In particular we will see that the smoothness conditions 
are indeed equivalent to the holonomy conditions (|3.25|) . The p-dependent connections 
corresponding to (|3.13| ) are denoted by A and A. We refer to this connection as in the 
wormhole gauge. We then consider new connections A and A related to A and A by 
sl(3,R) gauge transformations: 

A = g- 1 (p)A(p)g(p) + g-\p)dg{p) 

A = g{p)A{p)g-\p) - dg{p)g-\p) ^ 

with g{p) G sl(3,R). The relative gauge transformation for A versus A is taken to 
maintain a non-rotating ansatz. The metric and spin-3 field corresponding to (A, A) will 
take the form 

ds 2 = g pp (p)dp 2 + g u (p)dt 2 + g H {p)d(j) 2 
ip a p 1 dx a dx l3 dx 1 = (p ( j )pp (p)d(pdp 2 + (p^t^difidt 2 + 



We demand that this solution describe a smooth black hole with event horizon at p = 
or at r = with 

r = P ~ P+ ■ (3.33) 
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Assuming that g rr (0) > 0, as will be the case, this first of all requires gtt(0) = fi'tt(O) = 
and g^iO) > 0, so that after rotating to imaginary time the metric expanded around r = 
will look locally like R 2 x S 1 : 

ds 2 » g rr (0)dr 2 - ^g' t ' t (0)r 2 dt 2 E + g^W . (3.34) 

In order for the metric to avoid a conical singularity at r = we need to identify Ie — tE+fl 
with 

^VSI- (3 - 35) 

Having done so, we can switch to Cartesian coordinates near r = and the metric will be 
smooth. 

The same smoothness considerations apply to the spin-3 field. Noticing the parallel 
structure, we see that we should demand ^tt(O) = (p'± tt ^S) = 0, and 



with the same f3 as in (|3.35| ). 

There is still one more condition to impose to ensure that the solution is completely 
smooth at the horizon. If we work in Cartesian coordinates (x, y) around r = 0, we should 
demand that all functions are infinitely differentiable with respect to both x and y. If 
this is not the case then some curvature invariant (or spin-3 quantity) involving covariant 
derivatives will diverge. Given the rotational symmetry, this condition implies that the 
series expansion of all functions should only involve non-negative even powers of r. We 
impose this by demanding that all functions be smooth at the horizon, and even under 
reflection about the horizon: 

g rr (-r) = g rr (r) , gtt(-r) = g t t(r) , g H (-r) = g H (r) 

(3.37) 

V4>rr(-r) = ip^rrir) , <fct>tt{-r) = <fcj>tt{r) , f^{-r) = <£</></></> (r) . 



In [70| it was shown that the symmetry conditions (|3.37|) can be enforced by demanding 



e t( — f) = —h(r) 1 et(r)h(r) 

e^{-r) = h{r)- l e (j) {r)h{r) (3.38) 
e r(— r) = h(r)~ 1 e r (r)h(r) 

with h(r) G si (3, R), and similar conditions on the spin-connection. The BTZ solution has 
h(r) = 1, so we can think of these conditions as a "twist" of the BTZ vielbein reflection 
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symmetries. In addition, h(0) = 1, implying that et(0) = 0, a feature of the BTZ solution 
that persists in the spin-3 case.i 

To gain some insight into the form of g(r) and h(r) we can start with the BTZ 
solution and then carry out the gauge transformation perturbatively in the charge. These 
considerations lead us to the ansatz 

g f r \ _ e F{r){W 1 -W- 1 )+G{r)L 

h(r) = e *M(Wx+W-i) 



(3.39) 



for some functions F, G and H. Perturbation theory suggests that this ansatz gives the 
unique solution to our problem, although we have not proven this. On the other hand, 
having assumed the ansatz (|3.39f) the remaining analysis definitely has a unique solution. 

Even after assuming this ansatz, finding a solution that satisfies all the smoothness 
conditions involves a surprisingly large amount of complicated algebra requiring extensive 
use of Mathematica and Maple. More details can be found in the appendix of ||7Q|| . As 



we have already mentioned, a crucial point is that the solution to our problem requires 
that the holonomy conditions ( |3.24[ ) or equivalently ( |3.27| ) for the connection (|3.13| ) are 



obeyed; therefore we can also derive the holonomy conditions by requiring the existence of 
a smooth black hole solution. 

Here we just present the final form for the transformed metric. It will be convenient to 



use the variables (|3.26| ) instead of the charges and the chemical potential and to introduce 



the parameter C by 

The metric takes the form ( |3.32| ) with 

(C-2)(C-3) 
(C-2-cosh 2 (r)) 

'8nC\ (C — 3\ (a t + b t cosh 2 (r)) sinh 2 (r) 



C = ■ (3-40) 



gu 



(8nC\ (C-3\ [at + h cosher)) sinh" 
V~r; \ C^J (C-2-cosh 2 (r)) : 



8n£\ fC -3\ (as + b^ cosh 2 (r))smh 2 (r) f8nC\^ 16 2 _ 

] 1 ] + — j — (1 + —7 + 127C) • 



k J \ C 2 j (C-2-cosh 2 (r)) 2 V k J 3 

(3.41) 



6 Moreover, it is both surprising and convenient that the location of the horizon r = turns 
out to be at p = p+, with p+ given by the same expression as for BTZ: e 2p+ = 



A; 
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The coefficients a t ^ and b t ^ are functions of 7 and C, given by 



a* 



a 



(c - 1) 2 (4 7 - Vc 

(C-l) 2 (47 + v^ 



(3.42) 

6 t = 16 7 2 (C - 2)(C 2 - 2C + 2) - 8 7 v / C(2C 2 - 6C + 5) + C(3C - 4) , 
= 16 7 2 (C - 2)(C 2 - 2C + 2) + 8 7 v / C(2C 2 - 6C + 5) + C(3C - 4) . 

The t and <fi coefficients are reiated by flipping the sign of 7, though this is not a bonafide 
sign flip of the charge, under which C would also transform. 

With these results in hand, we can verify that the smoothness condition of the black 
hole implies the holonomy condition. Demanding a smooth horizon via ( |3.35| ) and ([ 



and using the definition (|3.40| ), the resulting equations are indeed equivalent to ( |3.27| ) 
which are the holonomy condition (|3.24| ) evaluated for the gauge connection ( |3.13| ). 



Therefore we showed that the black hole with spin-3 charge given by the connection 
( P-13|) satisfies the three conditions (i), (ii) and (Hi) defined in section 3.2. Let us now 
explore the black hole thermodynamics. 

3.5. Black hole thermodynamics 

Having satisfied the integrability condition, we know that if we now compute the 
entropy from the partition function it is guaranteed to be consistent with the first law 
of thermodynamics. For black holes in Einstein-Hilbert gravity, we can of course directly 
compute the entropy in terms of the area of the event horizon. But in the present context 
we do not know a priori whether the entropy is related to the area in this way, in particular 
due to the nontrivial spin-3 field. We instead base our entropy computation on demanding 
adherence to the first law. 

Expressed as a function of (£, W) the entropy S obeys the following thermodynamic 
relations: 

i dS i dS 

a = — ~ 77777 • (3.43) 



4tt 2 dC ' 4tt 2 dW 

The analogous barred relations hold as well. Since the entropy breaks up into a sum of an 
unbarred piece plus a barred piece with identical structure, in the following we just focus 
on the unbarred part and add the two parts at the end. 

We can use dimensional analysis to write the entropy in terms of an unknown function 
of the dimensionless ratio ( 2 ~ W 2 /£ 3 . With some foresight, it proves convenient to write 



S = 2nV2nkCf(y) (3.44) 

with 

27 2 27kW 2 

y= Y C = 64^ • (3 ' 45) 
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Demanding agreement with the BTZ entropy imposes /(0) = 1. Using ( |3.43| ) and plugging 
into the second line of (|3.25|) we arrive at the following differential equation 



36 2 /(2-y)(/') 2 + / 2 -l = . (3.46) 

This equation also implies the first equation in ( |3.25| ). The solution with the correct 
boundary condition is 

/(y)=co60, 6 = ± arctan ( j • (3.47) 

The physical range of y is given by < y < 2, and we choose a branch of the arctangent 
such that < 9 < f . 

Our final result for the entropy, including both sectors, is thus 

-2 



The function /(y) takes a simple form upon plugging in for ( as a function of C, using 
( CT) . This step yields 

6»= -arctan (A(C)W1- I (3.49) 



with 



6 \ v 'V 4C 



AfCl - 6V3C(C-l)(C-3) 

A(C) - (2C-3)(C2-12C + 9) • (3 - 50) 



Surprisingly, taking the cosine of this angle yields the simple expression 



As with other quantities in our analysis, we see that the entropy is most simply expressed 
in terms of C. The extremal and zero charge limits are recovered upon inspection. 

It is of course natural to wonder if the black hole entropy can be expressed in terms 
of a geometrical property of the horizon. There is of course no reason to expect that the 
Bekenstein-Hawking area law holds, since the spin-3 field is nonzero at the horizon, and 



indeed one easily checks that S 7^ A/ AG. In [B7| a metric like formulation of the s/(3, R) 



sl(3,R) higher spin theory was developed and the Wald entropy formula [[JO] was applied 
to calculate the entropy of the black hole. At present there is a numerical discrepancy 
between the entropies obtained in ( |3.48| ) and [57], which remains to be understood. 



Let us also comment on the case of maximal value for the spin-3 charge (|3.3C| ) (for 
constant energy). Approaching this maximal value, f(y) behaves near y = 2 as 

3 y/2 



f(y)~\ll + ^v 2 -y + --- (3-52) 
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and r diverges according to ( |3.43 ), corresponding to vanishing chiral temperature. On the 



other hand, the entropy is finite, attaining a relative value of y | compared to the entropy 
at W = 0. This behavior is to be contrasted with that of the BTZ black hole, or its charged 
generalizations with respect to bulk U(l) gauge fields [76]. In those cases, whenever the 



temperature of one chiral sector goes to zero, so too does the entropy associated with 
that sector. For extremal BTZ black holes the entropy is carried entirely by the sector 
at nonzero temperature, whereas here a zero temperature sector can contribute to the 
entropy. 

Given the entropy, r and a can be computed using ( |3.43| ) , and from there we compute 
the partition function according to 



InZ = S + 4n 2 i (rC + aW-rC- aW) 



(3.53) 



This partition function should match the asymptotic behavior of the partition function of 
any candidate CFT dual to the higher spin theory in the bulk. 

We briefly note that this entire story has been generalized without complication to 
the sZ(4, R) © sZ(4, R) case f9j . 



3.6. Other black holes in spin-3 gravity 

In the last sections we built a higher spin black hole in spin-3 gravity. In particular 
we proposed a holonomy condition which allowed us to define the charge assignments in 
agreement with the integrability condition. We also saw that the holonomy condition is 
equivalent to the smoothness condition of the Euclidean black hole in the appropriate 
gauge. 



In [[FT] another embedding of the sl(2,R) subalgebra was considered, the diagonal 
embedding. The asymptotic symmetry algebra of the diagonal embedding is the classical 



("2) ! 

W3 x W^ 1 algebra. In the VU^ algebra apart from the energy momentum tensor T, we 
have two weight 3/2 primaries G± as well as a weight one current U. It turns out that 
in this theory it is particularly simple to construct black holes. A consistent truncation 
of that theory is general relativity coupled to a pair of Chern-Simons gauge fields. The 
connection of the BTZ black hole carrying charge under these gauge fields are given by 



,(2) 



,(2) 



w 2 + wW-2 - qW 

W-2 + V0W2 — qWo 
The corresponding metric is given by 



1 1 Wodz . 

2 



a 



dz + ^Wodz. 



ds z 



dp 2 -4(e 



2p 



we 



-2p 



) 2 dt 2 + 4(e 2 P + we- 2 Py 



and the pair of gauge fields, x an d X rea d 

X = -qdz 



—dz . 



X 



qdz H — dz . 
2 



(3.54) 



(3.55) 



(3.56) 
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Calculating the holonomies around the Euclidean thermal circle and imposing the holon- 
omy condition we can relate q to rj as well as w to the inverse temperature (3, 

V = 2q, = -4=. (3.57) 



Note that with this identification the Euclidean geometry is smooth and the time compo- 
nent of the gauge fields vanish at the horizon. Using the integrability condition we can 
derive a formula for the entropy. The dependence of the entropy on the charges q and w 
is exactly what it is expected from a R-charged BTZ black hole ( |2.31|) . 



3. 7. Black hole entropy from the Euclidean action 

In this section we briefly discuss an approach to computing the black entropy via the 
Euclidean Chern-Simons action |73| . An action based approach is very useful if one wants 
to include quantum corrections. In ordinary Einstein-Hilbert gravity, it is well known that 
after including suitable boundary terms the Euclidean action yields the correct black hole 



free energy ||92j| . The situation is more subtle in the Chern-Simons formulation, mainly 
due to the fact that the action is not invariant under gauge transformations that extend 
to the boundary. 

The approach of J73J is to consider sl(N,R) Chern-Simons theory on the Euclidean 
solid torus (recall that this is the topology of the Euclidean BTZ solution). They focus 
on non-rotating solutions, with <j) and t being the coordinates that parametrize the non- 
contractible and contractible cycles of the solid torus. Consider a connection a = atdt + 
a^dcf) obeying the holonomy conditions. The authors define charges in terms of the s/(iV, R) 
Casimir operators as 

Q 2 = ^Tr(aJ) , Q 3 = ^Tr(aJ) , . . . , Q N = ^Tr«) . (3.58) 



Conjugate potentials a n are identified in an analogous manner as in (|3.14|) 



a t = a 2 a^ + a 3 (a% - ^Tr(aJ)^) + . . . + a N [a^ 1 - ^Tr^- 1 )) . (3.59) 

The idea is to work out the on-shell variation of the action, and then add terms such that 
we have 51 ~ J2 n Q n ^ an - ^ ne resulting action evaluated on-shell can then be identified 
with the black hole free energy in an ensemble in which the potentials {cr n } are held fixed. 
In |73[] they find that a suitable action is 

N 

I = I -Y, k ( n - 2 ) a ™Qn , (3.60) 

where Iq is the original Chern-Simons action. The on-shell variation of this action takes 
the desired form 

N 

SI = 2k^Q n 5a n , (3.61) 

n=2 
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and its on-shell value is 

N 

I = -2k^2(n - l)<r n Q n . (3.62) 

n=2 

This gives a rather simple result for the free energy in the ensemble with fixed {cx n }. In 
this ensemble the charges {Q n } are functions of {a n }, obtained by solving the holonomy 
constraints. 



4. hs[A] black holes 

Having constructed smooth black holes in sl(3,R) gravity, we turn to the more chal- 
lenging case of doing so in the three dimensional Vasiliev theory containing an infinite 
tower of higher spins s > 2. In addition to being interesting in its own right, it is this 
theory as opposed to the sl(N, R) theories that is most likely to play some role in the pos- 
sible relation of higher spin gravity to string theory. The full Vasiliev theory has various 
ingredients which altogether describe the nonlinear coupling of the higher spin fields to 
matter, consistent with higher spin gauge invariance. We will not make use of most of 
them here: to make higher spin black holes, all we need from the theory is that its higher 
spin sector can be cast as two copies of Chern-Simons theory with connections valued in 
the infinite-dimensional Lie algebra hs[A]. In particular, the matter fields of the Vasiliev 
theory are set to zero in the black hole background. For more details on the full theory, 
see , as well as recent summaries in [ and [|56[ . 



After describing hs[A] in some detail, we will apply the logic of the previous chapter 
to a satisfying end, emerging with the asymptotic black hole partition function and hence 
a generalized Cardy formula for spin-3 charged black holes. Our results and their CFT 
counterparts [|74| lend support to the minimal model duality proposal. 

In most of the following, we focus on the unbarred Chern-Simons connection with 
the barred sector implied. We work with the connection a = a z dz + a-jdz stripped of 
p-dependence as in ( |2.41] ), and the p-dependence is restored by conjugation with a matrix 
we introduce momentarily. 

4-1- hs[XJ higher spin gravity 

The hs[A] Lie algebra is spanned by generators labeled by two integers: a spin and a 
mode index. We use the notation of [ESI , in which a generator is represented as 



C s>2, |m|<s. (4.1) 



The commutation relations are 



8+t—\s-t\—l 

KX\= E 9u\m,n-\)V^- u (4.2) 
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with structure constants given in Appendix A. The parameter A labels inequivalent alge- 
bras; while its appearance enters via generalized hypergeometric functions, these simplify 
to polynomials in A 2 when evaluated for integer (s,m). 

The polynomial appearance of A 2 is obvious upon constructing hs[A] as a subspace of 
a quotient of the universal enveloping algebra of si (2, R) by its quadratic Casimir. For an 
sl(2, R) with canonical commutation relation ( |2.39| ), the Casimir C2 is fixed as 

C 2 = (L ) 2 - ^(LiL-i + L-1L1) = i(A 2 - 1) . (4.3) 
The hs[A] generators are then constructed from sl(2,R) generators as@ 

C = (-l)^- 1 ( ™ + S _~^ ] [L-i, ■ ■ ■ [L-u [L-x, Lr 1 ]]] (4-4) 

s — l — m 

which generate hs[A] upon modding out by the ideal formed by ( fl-3|) and dropping the 
identity element, which is formally Vq. 

The generators with s = 2 form an sl(2, R) subalgebra, and the remaining generators 
transform simply under the adjoint sl(2,R) action as 

[V*X] = (rn(t-l)-n)Vi +n . (4.5) 

These sl(2,R) generators will be relevant in the construction of the BTZ solution. In 
addition we can move from a to A connections a la (|2.41| ) by conjugation with 

b = e pv ° (4.6) 

giving generators with mode index m a factor of e rnp . 

In contrast to the sl(N,R) algebras, hs[A] has only a single sl(2, R) subalgebra, nor 
does it have any other nontrivial subalgebra: any commutator of two generators each with 
spin s > 2 will produce a generator with spin t > s. However, at A = A an ideal forms, 
consisting of all generators with spins s > A, and one recovers sl(N, R) upon modding out 
by this ideal. This feature is manifest, for instance, in the simple low-spin commutator 

[Vi,V^ 2 ]=8V 4 -^(X 2 -4)V 2 (4.7) 

upon setting A = 2. In this manner we can view the sl(N, R) gravity theories as limiting 
cases of hs[A] gravity!. 



7 hs[A] also admits a symmetry under —> ( — 1) S V^, thus there is a second representation 
along the following lines. 

8 This comes with the important caveat that at present, there is little understanding of how 
to couple matter to sl(N,R) gauge fields, that is, how to truncate the full Vasiliev theory while 
still including the nontrivial fields besides the gauge fields. 
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When A = 1/2, this algebra is isomorphic to hs(l,l) whose commutator can be written 
as the antisymmetric part of the Moyal product. Similarly, the general A commutation 
relations (|4.2|) can be realized as a star commutator 



[V£,V*\=V£*V*-V**V£ (4.1 
if we define the associative product 

a+t—\s—t\ — l 

2 



s+t-\s-t\-l 

V^V^ = - 9u{rn,n;\)V^- u . (4.9) 



w=l,2,3, 



This is known as the "lone star product" |[43|| , and (|4.8|) follows upon using the fact that 

g s u \m,n) = (-lT+ 1 g t u s (n,m) . (4.10) 

In the remainder of this chapter, all multiplication of hs[A] generators is done using this 
lone star product. 

One can define a bilinear trace by picking out the Vq element of any lone star product, 
up to some normalization: 

Tr(VM) ^g s s t +t _ 1 (m,n;X)8 st 8 m ,_ n . (4.11) 

Explicitly, this structure constant can be written rather simply as 



ss , .> , ^m 2 r ( S + m)T(s -TO) TT.,2 2 \ (a -,o\ 

g s J i (to, -to; A) = (-1) — : v —-, ' v — \\(X - a 2 ) . (4.12) 

y2 S -iv > > y v ; 2s-l!!2s-3!! 1J - V 7 v ; 

\ ' v ' (T = l 

Note that the trace automatically factors out the ideal when X = N: when we compute 
the holonomies of our black hole, this will allow easy comparison to the sl(N,R) cases. 
To interface with the previous chapter's sl(3, R) results and the conventions of [|69| , |70[| , we 
choose to normalize our trace as 

TrO&VlJ = r^Y)9r s -i(m, -m; A) (4.13) 

which implies the s = 2 traces 

TrO^V^) = -4 , Tr(Vo 2 y o 2 ) = 2 . (4.14) 



In 1 48|j , it was shown that the asymptotic symmetry group of hs[A] gravity with gen- 
eralized AdS boundary conditions ( |3.6| ) is the infinite-dimensional VF-algebra known as 
Woo [A]. To show this in the unbarred sector, say, one follows ( |2.43|) by writing an hs[A]- 
valued connection in highest-weight gauge, as 

a z = V, 2 - T £{z)Vh + J2 J^H^s (4.15) 
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where the J^ s \z) are spin-s currents, and demanding that an infinitesimal gauge transfor- 
mation leave the form of the connection intact. Woo [A] is a nonlinear algebra with OPEs 



now known in closed form | 42]j . It contains hs[A] not as a proper subalgebra, but only in the 
infinite central charge limit in which the nonlinear terms drop out; from this perspective, 
hs[A] is known as the "wedge subalgebra" of Woo [A]. Expanding the currents in modes, 

*\*) = £ % ' (416) 

the hs[A] generators are identified as the "wedge modes" 

J$=V£, \m\<s. (4.17) 



To conclude this subsection, the black holes we will construct are dual to asymptoti- 
cally high temperature states of generic CFTs with [A] symmetry, deformed by spin-3 
chemical potential. Not only will this be a useful perspective as we compute in the bulk, 
but we will later discuss the dual CFT computation [[74| that yields perfect agreement with 
the bulk results. 



4-2. Building the hs[XJ black hole 

There are two main steps to constructing higher spin black holes in a generic theory of 
higher spin gravity with Lie algebra Q containing at least one si (2, R) subalgebra. These 
are preceded by a zeroth step, which is to write down the BTZ solution using generators of 
an sl(2, R) subalgebra of Q, and to compute its Euclidean time circle holonomy eigenvalues. 
The two steps are: 

(i) Write down the higher spin black hole connection with some nonzero higher spin 
chemical potentials. 

(ii) Make the black hole smooth. 

To find the right connection, we recall the s/(3, R) black hole connection ( |3.13| ) in 
wormhole gauge: Ward identities showed that the leading term in represents a nonzero 
spin-3 chemical potential, and flatness fixed the rest of to be a simple traceless function 
of a z . We are led to generalize this to the Q case: an unbarred connection for a higher spin 
black hole with nonzero spin-s chemical potential /i s can be written, in wormhole gauge, 
as 

a z = a^ TZ + (higher spin charges) 

(4.18) 

&z ~ Us [(a z ) s 1 - trace] 

where multiplication is determined by the chosen representation of the bulk Lie algebra, 
and the barred connection is as usual implied. To restore the p-dependence, one conjugates 
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as in ([2.41 ) by b = e pL ° , where Lq is the diagonal element of the sl(2, R) subalgebra. Note 



that a z is simply the highest- weight gauge connection, as in ( ]4.15|) , with constant charges. 

As a quick check, this will clearly give the correct asymptotic falloff at large p for the 
chemical potential term: the leading piece of (a 2 ) s_1 will carry e^ s ~ l ^ p dependence. In the 
Q =hs[A] case, for instance, this is manifestly true because 

(V?)-i = VU (4-19) 

as is obvious from ( |4.4| ). 

As we have emphasized repeatedly in earlier sections, in order to make the black 
hole smooth, we must fix all charges in terms of the potentials (/x s ,r) consistent with an 
integrability condition fl2.55p , where now Q ~ J (s) and a ~ a s oc /i s . To do so, we return 
to the BTZ holonomy condition: computing the Euclidean time circle holonomy matrix uj 
once again, 

u = 2n(ra z + fa z ) (4.20) 

we demand that its eigenvalues equal those of the BTZ solution. One conveniently expresses 
this condition as 

Tr(u> n ) = Tr(^ TZ ) , n = 2, 3, . . . , rk(w) . (4.21) 

Although the connections ( |4.18|) are in wormhole gauge, the sl(3,R) case encourages 
the perspective that somewhere on the gauge orbit of this solution lies a solution with a 
manifest black hole metric. Its smooth Euclidean horizon as seen by the tower of higher 
spin fields exactly reproduces the holonomy equations (|4.21|) . We assume this to be true 
in what follows. 



Let us also comment that fl4.21|) works directly on the level of the matrix to, that is, we 



do not exponentiate to determine the holonomy H. With regard to constructing smooth 
black hole solutions, this approach suffices to capture the essential feature of the BTZ 
black hole; in the case where the exponentiation of Q to a Lie group is not understood, 
neither is the notion of a trivial holonomy. This is the case with Q = hs[A]. Nevertheless 
we continue to abuse language by referring to (|4.21|) as a holonomy condition.! 



Without further ado, let us apply this algorithm to construct the hs[A] black hole with 
spin-3 chemical potential. First, the smooth BTZ solution is 

a z = V? + -^V 2 X 

1 4r 2 - 1 (4.22) 

az = 



9 As [58] showed for the case Q = sl(N,R), the space of solutions with trivial holonomy 
can include new solutions which are not black holes. It is this type of solution which relies on 
an understanding of the group manifold, and an interesting open challenge is to construct such 
conical defect-type solutions in the hs[A] theory directly. 
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where we have used ( |2.20|) . The BTZ holonomy matrix ojbtz is 

ubtz = 2tvt (v? + -^V-x J • (4-23) 



All odd-n traces vanish. The lowest even-n traces are 

Tr(w| TZ ) = -8tt 2 
Hit 4 

Tr(u BTZ ) = — (3A 2 -7) (4 . 24) 

87T 6 

Tr(o;| TZ ) = - — (3A 4 -18A 2 +31) . 

The simplest higher spin black hole has spin-3 chemical potential, so following G4.18| ) 
our ansatz is 

/ 2 J N ^ 

a Y = -fiN(X) la z *a z - — ( A 2 - 1) 

where 

j = j( 4 )y_ 4 3 + j( 5 )y_ 5 4 + ... (4.26) 

allows for an infinite series of higher-spin charges. The solution is accompanied by the 
analogous barred connection. N(X) is a normalization factor, 



chosen to simplify comparison to the si (3, i?) results of the previous section. In particular, 
truncating all spins s > 3 gives a solution with the same generator normalizations and 
bilinear traces as the spin-3 black hole of the si (3, R) theory. 

Suppressing the dependence on barred quantities, we think of this black hole as a 
saddle point contribution to the partition function 

Z(t, a) = Tr L^(^+«W)1 (4.28) 
where we continue to define the potential as 

a = t> (4.29) 

where r is the modular parameter of the boundary torus. This assignment will once 
again be justified upon solving the holonomy equations, as the charges will satisfy the 
integrability condition 
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It is instructive to compare the hs[A] black hole to the sl(3,R) black hole. There are 
three novel infinities here: 



• The number of holonomy equations ( |4.21|) , by virtue of the infinite dimensionality 
of hs[A]. Morally, we are fixing smoothness at the black hole horizon for the metric and an 
infinite tower of higher spin fields. 

• The UV behavior of the tower of metric-like higher spin fields. While there is no 
unambiguous prescription for how to write these fields in terms of traces over vielbeins 



beyond low spins fl4"2" |, the spin-s field will generically involve traces over s vielbeins. Re- 
calling (|2.36| ) and our connection G4.25| ) (and its barred partner), metric-like higher spin 
fields grow with increasingly large powers of e p at successively higher spins. As with the 
metric, such behavior is gauge-dependent, and in contrast to the terms in the Chern- 
Simons connection it is not clear how to physically intepret these fields; but their rapid 
UV growth bears noting. 

• The number of nonzero higher spin charges jw, as a generic solution of the in- 
finite set of holonomy equations would dictate. This is particularly clear from a W» [A] 
perspective: thinking of taking operator expectation values 



(</ (s) >< 



Tr 



j (a) e 47r 2 i(r£+aVV) 



r]}. |^ e 47r 2 i(r£+aW)j 



(4.31) 



and expanding perturbatively in a, the coupled nature of the Woo [A] OPEs guarantees 
that all charges are nonzero. In particular, one uncovers the following simple perturbative 
expansion, 

C = C + a 2 C 2 + ■ ■ ■ 

W = am + a 3 m + ... (4.32) 
jW = a s - 2 J { s % + a s J^ + ... . 

The polynomial degree and interdependence of the holonomy equations will force us to 
work perturbatively in a. 



4-3. Black hole partition function 

The holonomy matrix uj for the black hole connection ( 4.25 ) is 



u = 2n 



ra z + aN(X) ^a z * a 



I a z *a z - ^r^(A 



3k 



(4.33) 



Details on the mechanics of solving equations (|4.21| ), and the equations themselves, are 
given in ||72|] . Suffice it to say here that this is a highly overconstrained problem which 
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nevertheless has a solution. Using the perturbative expansions Q4.32 ), the charges through 
0(a 8 ) are given as 

k 5k 2 50k A 2 -7 4 2600/c 5A 4 - 85A 2 + 377 fi 
r = i rv qA -i ! or 

8TVT 2 6tTT 6 37TT 10 A 2 - 4 27tTT 14 (A 2 -4) 2 

68000A; 20A 6 - 600A 4 + 6387A 2 - 23357 8 

~ 817TT 18 (A 2 -4) 3 " + "' 

fc 200/c A 2 -7 o 400& 5A 4 - 85A 2 + 377 = 

W = a H a a 

3tvt 5 27ttt 9 A 2 -4 9ttt 13 (A 2 - 4) 2 

32000/c 20A 6 - 600A 4 + 6387A 2 - 23357 7 , . _ 

+ 81^ (X^W a+ - <434) 

T m 35 1 2 700 2A 2 - 21 4 2800 20A 4 - 480A 2 + 3189 B 
9r 8 A 2 - 4 9r 12 (A 2 -4) 2 9r 16 (A 2 - 4) 3 

(5) _ 100^5 1 3 _ 400y/5 44A 2 - 635 5 

""97 11- (A 2 -4) 3 /2 a ~^XJr^ ( A 2_ 4 )5/2 a +••• 

j(6) = 14300 1 4 
81r 14 (A 2 - 4) 2 

The charges (£, W) manifestly satisfy the integrability condition; integrating either one of 
them, we recover the left-moving black hole partition function through 0(a 8 ): 



1 71 \ illk 

m Z[t, a) = 



,4a 2 400 A 2 -7 a 4 1600 5A 4 - 85A 2 + 377 a 6 
~ 3 T 4 + ^7 A 2 "^! 7§ ~ "^7 (A 2 - 4) 2 7^ 

32000 20A 6 - 600A 4 + 6387A 2 - 23357 a 6 



+ 



81 (A 2 -4) 3 r 16 



(4.35) 



+ ... . 



The leading term is the BTZ term (|2.24j ), using In Z(r,a) = —I(r,a) and c = 6k. This 
result reduces to the sl(3,R) results of the previous section at A = 3, and has also been 
checked against independent calculations for A = 4,5, \. 

This is to be viewed as a Cardy formula for higher spin black holes with nonzero spin-3 
chemical potential in CFTs with [A] symmetry. It applies in the asymptotic regime 

OL 

t ->■ , a -> , fixed . (4.36) 

Given that we construct this solution in perturbation theory around the BTZ black hole, 
it is only sensible to think of this solution as a black hole too, now augmented by higher 
spin degrees of freedom contributing to its entropy. It is a delicate question whether this 
formula holds away from infinite temperatures, and for what CFTs. In the absence of 
a one-loop computation which has yet to be done, it is unclear when corrections to this 
result from perturbative excitations outside the black hole become important. If it holds 
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for finite but large temperatures, any potential match to a CFT will involve more than its 
vacuum structure. 

What is clear, however, is that at large enough temperatures, this result gives the 
higher spin charged black hole saddle point contribution to the Euclidean path integral. 
We now give more evidence for this from holography. 



44. Matching to CFT 



One might ask whether the partition function of the black hole in the sl(3, R) theory 
- which we computed exactly in the classical limit — can be reproduced from some dual 
CFT calculation, but there are no known examples of unitary CFTs with W3 symmetry 
and large central charge. The same goes for the series of Wn minimal models at finite N. 
But there are such examples of CFTs with VFoo[A] symmetry. 

A simple realization of [A] symmetry at A = 1 is given by a theory of free, singlet 
complex bosons. The holomorphic and anti-holomorphic spin-s currents are bilinear in 
the bosons, with s derivatives peppered about. Accordingly, the symmetry algebra (also 
known [^3[ as W^ RS ) can be written in a linear basis, unlike the Woo [A] algebra for all 
other values of A. One can derive the exact partition function ( f4.28|) in this theory at 
asymptotically high temperatures T2 —> 0, which is 



lnZYr, a) 



3ik 
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where 



a 



3tt s 



(4.37) 



(4.38) 



Expanding in a gives the result ( f4.35|) at A = 1. We notice that ( f4.37| ) is nonanalytic 
at a = 0, so its series expansion has zero radius of convergence, as expected. A similar 
computation can be done at A = with free fermions. 

The reason these computations match the bulk result is due to symmetry. These 
free CFTs are not dual to Vasiliev gravity, if only on account of their U(N) symmetry; to 
reproduce ( |4 . 3 5[ ) , apparently all that matters is that they furnish the asymptotic symmetry 
of the hs[A] gravity theory. The partition function can be viewed in CFT as a perturbative 
sum of torus correlation functions. At asymptotically high temperatures, we can relate 
each term by a modular S transformation to the low temperature behavior, which is in 
turn determined by the vacuum symmetry algebra alone. 

This is exactly the philosophy discussed in the introduction for computing the BTZ 
partition function, indeed it follows purely from the presence of 2d conformal symmetry, 
extended or not. For some more insight, we return to the other example discussed in 
section 2, the charged BTZ black hole. On the CFT side, the symmetry is Virasoro plus 
a U(l) current algebra; the left-moving partition function 



Z(t,z) 



Tr [, 



2-kitLq lixizt 



(4.39) 
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with U(l) charge Q and conjugate potential z transforms under a modular ^-transformation 



as 



Z(t' = -1/r, z = -z/t) = e^^Z(r, z) (4.40) 



where c is the central charge [S4|. The entropy of the charged black hole quoted in ( |2.31| ) 



follows entirely from ( f4.40| ) and the on-shell action in global AdS with a flat U(l) connec- 
tion, which can be computed from the action ( j2.25|) . 

In the case of the higher spin black hole with spin-3 chemical potential, the left-moving 
W^oo[A] CFT partition function is 

Z(r, a) = Tr [ e 2™L 0e <2iri a w ] ( 441 ) 

with spin-3 charge Wq and conjugate potential a. Unlike the case of a spin-1 current 
insertion, we do not know the modular transformation property of this object. One can 
instead proceed perturbatively in a, carrying out modular transformations term-by-term. 
This calculation was carried out in [74| for arbitrary A through 0(a 6 ), to perfect agreement 
with ( |Q5D . 

Shifting notation^ to that of [74], we consider the partition function 

Z(r,a) = Tr(q L °-^y w ^ , q = e 27 " f , y = e 2 ™ (4.42) 
so that r — >■ is the high temperature limit. Expanding in a, 

Z ( f,a) = Tr(q L °~*) + ^^Tr((^o) 2 ^-^) + ^^Tr ((W ) 4 q L "~*) + ••• . 

(4.43) 

Our goal is to compute the modular transformation properties of these traces and evaluate 
in the vacuum. Thus we compute connected 2n-point correlators of W currents on the 
plane and map them to the infinite cylinder. 

Let us present some of the relevant technology; the reader is referred to [[F4| for the full 
scope of the computation, which includes new results on modular properties of traces with 
higher spin zero mode insertions for arbitrary spin. We specialize to the spin-3 Virasoro 
primary with conformal dimension 3. Generally, one can express traces of zero modes 
over some representation r in terms of contour integrals of torus amplitudes F r , which are 
function of the spin-3 current W and r, as follows: 

Tr r (Vo) V "^) = ft / d ^-F r {{W\z 1 ), . . . , (W n , z n )- r) (4.44) 

v / {zm) J Zj 



10 Note the shift Lo — > Lq — ^ relative to the previous sections, as well as the identification 
W = Wo (as implied by integrability, cf. (|2.33|) ). 
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where Wq is defined by the mode expansion 

W = — ldzW(z)z 2 . (4.45) 
2m J 

The torus amplitude F r is doubly periodic under identifications Zj ~ e 27Tl Zj ~ qzj, and 
its modular transformation properties are known: in particular, under an S'-transformation, 
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F r ((W\ zi),..., (W n , zj; r = -1/r) = r 3n ^ S rs F s ((W\ z[), . . . , (W n , z T n ); r) (4.46) 

s 

where S rs is the modular S'-matrix. Therefore we can obtain the high temperature trace 
( |4.44| ) via contour integrals of vacuum torus amplitudes. We are interested only in the 
partition function at asymptotically high temperatures, which means that we take all 
traces in the vacuum representation of Woo [A] (i-e. r = in the above), ignoring subleading 
corrections. Consequently, we would like to simplify ( |4.46|) as much as we can in terms of 
traces over zero modes which annihilate the vacuum. 

To actually evaluate these integrals, we want to exchange currents W in the F r for 
zero modes Wq and boil everything down to taking vacuum expectation values. We can 
do just this with the torus amplitude recursion relation 

F((W\ Zl ),..., (W n , z n ); r) = F(W ; (W\ z 2 ), . . . , (W n , z n );r) 
+ E E V m+ i(^,q)F[(W 2 ,z 2 ),...,(W 1 [m}W\z j ),...,(W n ,z n y,r) (4 ' 47) 

where the V m +i are Weierstrass functions defined in J74|, and the quantity W[m] represents 
a linear combination of modes of W. 

oo 

W[m] = (2ni)- m - 1 c(3,j,m)W j - 2 (4.48) 

j=m 

where the constants c(3, j, m) are defined by the generating function 

oo 

(log(l + z)r(l + ^) 2 = ^c(3j>y . (4.49) 



j=m 



In words, for every current in a torus amplitude, we can replace it by a zero mode as 
long as we add new terms encoding the interactions between currents. The first term on 
the right hand side of ( [4.471) can be written as a trace over spin-3 zero modes and vertex 
operators V ( ,Zj), 



J= 2 



F(W G -(W 2 ,z 2 ),...,(W n ,z n )-r) = J JJzf ] Th:(WoV(W\z 1 )...V(W n ,z n )q L °- c ' 2A ^ 

(4.50) 



40 



Further reducing these to traces over zero modes, the second term on the right hand 
side of ( [4.47|) can be reduced by repeated application of Q4.47[) . Similarly, the first term 
can be reduced with help of a recursion relation derived in [74] that is the analog of ( [4.47|) , 
now for torus amplitudes with zero mode insertions. Using these recursion relations, one 
can eventually boil down the trace (|4.44|) to contour integrals of Weierstrass functions 
and their derivatives, multiplied by vacuum n-point correlators of W currents. Precisely 
which correlators appear is determined by the series (|4.48|) and the powers of z required 
for nonzero Weierstrass integrals. 

The preceding recursion relations and modular ^-transformation properties generalize 
to insertions of Virasoro primary fields of arbitrary positive integral conformal dimension, 
and to arbitrary modular transformations [ |74| . 

An interesting aspect of this calculation is that the nonlinear parts of Woo [A] OPEs 
are crucial for the success of the matching to the bulk partition function, despite the initial 
expectation that they are irrelevant in the large c limit. These enter at 0(ct 6 ), where the 
CFT computation becomes rather hefty; this is in contrast to the bulk calculation using 
black hole holonomy which appears to encode the same information in a more efficient 
way. A direct understanding of how and "why" the bulk holonomy condition captures 
these features of the CFT would be desirable. 



5. Discussion 

We close this review by presenting a — by no means complete — list of open problems 
and avenues for future research. 

While one motivation for the study of higher spin theories is to obtain solvable models 
without relying on supersymmetry, it would nevertheless be worthwhile to consider the 
supersymmetric generalizations of the higher spin gravities and the Gaberdiel-Gopakumar 
AdSs/CFT2 duality. In particular, it would be interesting to investigate the existence and 
properties of BPS black holes in these theories; some work in this direction was recently 
initiated in |)7|,[J8 . 



One of the main results of the work described in this review is that holonomy provides 
us with the correct criterion for what constitutes an admissible smooth geometry. The 
holonomy conditions work for the black hole as well as the conical deficit/surplus geometries 
||58|| . It would be very interesting to find an independent derivation of the holonomy 
conditions from a more geometric point of view in higher spin gravity. 

For hs[A] higher spin gravity the construction of black holes carrying higher spin charge 
utilizes a perturbation expansion in the higher spin charge a. As discussed in section 4 there 
have been impressive checks of this proposal by relating the perturbative a expansion of the 
bulk partition function to the corresponding result in the CFT. However, the perturbation 
expansion produces a small charge perturbation around the uncharged BTZ black hole. 
Whether the charged black hole solution can be generalized to finite values of a is an open 
problem, as the perturbation series for the special values A = 0, 1 (and quite likely for 
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general values of A) is not convergent. Mathematically, the calculation of the holonomy 
of a black hole with finite charge would entail the construction of an exponential map for 
the infinite dimensional algebra hs[A]. Whether such a map is possible to construct, i.e. 
whether its possible to construct an analog of the notion of a Lie group of hs[A], is an open 
question. 

The fact that matter can be consistently coupled to the hs[A] higher spin gravity 
provides us in principle with a probe of the black hole geometry which is not gauge depen- 
dent. One can calculate scalar two-point correlators perturbatively in a in the black hole 
background of section 4, which should help clarify the extent to which this solution can 
rightfully be called a black hole. This is work in progress ||95|1 ; for now we note only that 
the pure gauge nature of the higher spin fields plays a crucial role in efficiently computing 
the correlator. 

The simplicity of the black hole solution in three dimensional higher spin gravity can 
be attributed to the Chern-Simons like formulation of the higher spin dynamics. In three 
dimensions all massless higher spin fields do not carry any propagating degrees of freedom 
and hence even the hs[A] theory is almost topological (apart from matter which can be 
consistently coupled). Furthermore the large amount of symmetry makes it feasible to 
perform calculations of AdS/CFT correlators in the black hole background, which can 
help to address many basic questions of black hole physics, such as the formation and 
evaporation and the information paradox. 

On the other hand, in four dimensions it is quite complicated to construct nontrivial 
solutions of Vasiliev theory for several reasons. First, the analog of the simple BTZ black 
hole solution is missing in four dimensions. Second, the dynamics are considerably more 
complicated due to the fact that the higher spin fields are not topological anymore. Third, 
there is no known analog of the holonomy condition described above, which diagnoses the 
existence of a black hole in a gauge invariant manner. 

Examples of solutions in four dimensional Vasiliev theory include |]96| , p7i|98| , p9l , and 



those potentially related to black holes include [ 100 , |101| , 102 |. However the black hole 



character of the solutions can only be seen in a weak field approximation in the gravitational 
sector. Recently the finite temperature behavior of vector models on the sphere in the large 



N limit was studied on the field theory side in ||103|| . It was found that the phase transition 
occurs at very high temperatures of order \/N and it was suggested that this behavior of 
the free energy cannot be described by a black hole in the bulk higher spin gravity as 
expected by the standard AdS/CFT philosophy. 

An interesting question is whether it is possible to generalize the lessons learned from 
three dimensional higher spin gravity to higher dimensional higher spin theories. It may 
be the case that the advances in lower dimensions help us to construct the elusive black 
hole solutions in four dimensional higher spin gravity. 
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Appendix A. Some details on hs[A] 

The hs[A] structure constants are given as 



< f (m,n;A) = ^ _ tf{\)N?{m, n) 



(A.l) 



where 



u ~ 1 ( — 1 \ 

N^(m, n) = ^(-l) fc ( U k J [s - 1 + m] M _i_ fc [s - 1 - m] k [t - 1 + n] k [t - 1 - 
fc=0 ^ ' 



C(A) 



4-T3 



j_ _i_ \ ]_ \ 2 — M 1— M 

2 ' 2 ' 2 ' 2 



3 _ „ 3 
2 b 



, 2 £ , i+S+t-W 

We make use of the descending Pochhammer symbol, 

[a] n = a(a - l)...(a - n + 1) 



(A.2) 



(A.3) 



g is a normalization constant that can be scaled away by taking — > g V^. As in 
much of the existing literature, we choose to set q = 1/4. 

We note a handful of useful properties of the structure constants: 



LSt 

u 1 2 



= #'(A) = 1 

iV^(m,n) = (-l)" +1 iV^(n,m) 
JV**(0,0) = 0, weven 
W«'(n,-n) = JV£»(n,-n) . 



(A.4) 



The first three of these imply, among other things, the isomorphism hs[^] = hs(l,l); that 
the lone star product can be used to define the hs[A] Lie algebra; and that all zero modes 
commute. 
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